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We investigate the transition temperature of layered su- 
perconductors by considering a stack of L= supercon- 
ducting layers, separated by insulating material. We 
adopt a pairing Hamiltonian, invoke the variational 
principle and solve the resulting ap equations numeri- 
cally. Our results confirm previous weak coupling and 
Ginzburg-Landau treatments and reveal a rise of T~ with 
L= and saturation at the bulk transition temperature. 
Thus, the rise of T~ is traced back to a finite size effect, 
corresponding to a crossover from 2-d to 3-d supercon- 
ductivity. The results also reveal a sizeable variation of 
the gap along the stack with pronounced variation at 
the ends. 
I. Introduction 
The mechanisms responsible for the behavior of the cu- 
prate high temperature superconductors have remained 
elusive. Nevertheless, there is a generic property which 
they share with other layered superconductors, including 
superlattices, namely that the transition temperature ex- 
hibits a pronounced size effect. In fact, by considering 
a stack of L= layers consisting of superconducting materi- 
al, separated by insulating material, T~ was found to rise 
with L= and to saturate at large L=. Examples include 
Sn-  SiO-, A1- A102 superlattices [1], ultrathin 
NbSe2-single crystals [2] and artificial YBCO/PrBCO 
superlattices [3-5]. 
This phenomenon appears to have close similarity 
to the rise of T~ in layered magnetic materials, where 
T~ increases with the number of magnetic layers L= and 
saturates for large L= values as well. In fact, mean field 
theory predicts for a layered square Ising model with 
nearest neighbor intra- and interlayer coupling J and 
J', respectively 
T~ (L~)= T~(1)[1 'lJ'l• cos (L@+ 1)], (1) 
where T~(1) is the transition temperature of the 2-d sys- 
tem. Thus, T~(1) rises from the 2-d value T~(1) to the 
3-d bulk value for L=--oo [6]. This phenomenon is a 
size effect, corresponding to a crossover from 2-d to 3-d 
behavior, driven by the increasing value of the effective 
number of nearest neighbors. It is important to empha- 
size that the predicted rise of T~ is not an artifact of 
the mean field approximation or a pecularity of the Ising 
model [7-10]. The Heisenberg model exhibits similar 
behavior for any number of components (n) of the order 
parameter. For n>l ,  however, there is no long-range 
order below T~ for any finite L~ [11]. 
In this paper we investigate the variation of T~ and 
of the gap in layered superconductors within the frame- 
work of the model proposed in [6]. In doing so, we 
treat he pairing Hamiltonian by means of the variation- 
al principle. The gap equations are then solved numeri- 
cally. These results complement the previous approxi- 
mate treatments, using the Ginzburg-Landau approach, 
only valid close to T~, or the weak coupling solution 
of the gap equation. Crucial ingredients of the model 
are an intralayer and interlayer pairing interaction of 
strength go and ga, respectively. The interlayer interac- 
tion g3 couples the order parameters in adjacent layers 
in analogy to a stack of coupled two-dimensional xy- 
models. For finite interlayer single particle hopping and 
negligible g3, the model reduces in its Ginzburg-Landau 
form to that proposed by Lawrence and Doniach [12]. 
In Sect. 2 we sketch the models and derive the associated 
gap equations by means of the variational principle. 
Their linearized versions are then used to determine the 
critical temperature. Since the interlayer single particle 
hopping matrix element is supposed to be small, we con- 
sider two models. One with finite and the other with 
vanishing interlayer hopping. 
In Sect. 3 we present and discuss our numerical results 
for stacks consisting of L~ layers. For finite g3, the results 
clearly reveal an initial increase of T~ with L= and satura- 
tion for large L~ values. The essential features of this 
phenomenon agree remarkably well with the previous 
Ginzburg-Landau treatment and the weak coupling pre- 
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dictions [6]. The rise of T~ corresponds to a finite size 
effect, or equivalently, to a crossover f om two to three- 
dimensional superconductivity. The numerical results 
also reveal that the rise of T~ with L~ is due exclusively 
to the interlayer coupling g3. In fact, the presence of 
single particle hopping turns out to reduce T~ with in- 
creasing Lz. In contrast o the magnetic ase (1), how- 
ever, the increase of T~ is not simply given by the ratio 
of the inter- and intralayer coupling. Another interesting 
issue is the variation of the gap along the stack of Lz 
layers. The numerical results clearly point to a reduction 
of the zero temperature gap close to and at the free 
ends. Finally we discuss the differences resulting from 
taking free instead of periodic boundary conditions in 
the z-direction. 
II. Model 
To investigate the variation of Tc with the number of 
layers, we consider a model in which the pairing interac- 
tion includes an intralayer and an interlayer interaction. 
In a first step we neglect he interlayer single particle 
hopping. The system is assumed to be infinite in the 
xy-plane but finite along the z-direction. Accordingly 
we choose periodic boundary conditions in the planes 
and free ends in the z-direction. 
II.1. Interlayer hopping excluded 
We consider the Hamiltonian 
~=~+xr  (2) 
where 
~1 = ~ (g(k)--#)c~,z,~ck, z,~ (3) 
k, I,~7 
describes the quasi-particle band; l is the layer index, 
k is the wave vector in the xy-plane, a is the spin index 
and # is the chemical potential. For the quasiparticle 
band we adopt [13, 14] 
g(k) = A [ -  2(cos k~a + cos kya) + 4B cos k~a cos kya], (4) 
where A is the nearest-neighbor and AB the next-near- 
est-neighbor hopping within the layers, respectively. 
Within the layers we assume a square lattice with lattice 
constant a. For the pairing interactions we assume 
~/~2 = - -go ~ nk, l, t nk, t,+ 
k,l 
+ + ~ + c.c.), - -g3 ~'~(Ck, l+ l,'r Ck,/+ 1,~ Ck, l,~ Ck, l, 
k,l 
(5) 
where go > 0 is the strength of the intralayer coupling 
and g3 is the strength of the recently proposed interlayer 
interaction [6]. In the Ginzburg-Landau formulation of 
the model, g3 leads to a Heisenberg-type interaction of 
the order parameters in adjacent layers and in turn to 
a Lz dependence of T~, reminiscent of magnetic systems 
(1). 
To derive the gap equation we use the variational 
principle, which means that we minimize the free energy 
fiF = - lnTre  -~ with respect to a trial Hamiltonian ~o. 
The inequality for F reads 
F <= Fo + ( ~f -- ~o ) o . (6) 
The trial Hamiltonian is given by 
+ + c.c.), ~o = Jr1 +•A (k, 1)(C~,l, t C_k,l, $ 
k,/ 
(7) 
where we have assumed that A (k, l)= A* (k, I). It is im- 
portant o recognize that our choice of ~o is motivated 
by the observation that ~o can be diagonalized by a 
Bogoliubov transformation, due to the absence of inter- 
layer hopping. Minimizing the right-hand side of (6) we 
obtain the real space gap equation 
A (k, I) = go f(l) + g3 [ f( l  + 1) +f( l -  1)], (8) 
where 




E(k, 1)=/e2(k)+A2(k, l), (10) 
e(k)=~(k)-#. (11) 
From (8) we see that A (k, l) is independent of k. Thus, 
we can henceforth drop the label k. The chemical poten- 
tial # is fixed by the band filling 
k,z E(k, t) 
where L 2 is the number of sites in the xy-plane and 
Lz is the number of sites in the z-direction. The gap 
A (k, l) and chemical potential # are the solutions of the 
coupled equations (8) and (12) with lowest free energy. 
Linearization of the gap equation leads to the equation 
for T~ 
A(0 =goL~ (l)+g3 L(A (l+ 1)+ ~ (t- 1)) (t3) 
with 
f~ =~ ~ 2~ tanh (14) 
Equation (13) leads to the following eigenvalue problem 
for T~: 
det 
' l -gof~ -g3fc 0 . . . . . .  0 
-g3 fc  1 -go fc  -g3 fc  0 ... 0 
0 -g3fc 1-gof~ "'. 0 0 
0 0 ".. .. "-. 0 
0 ... 0 "'. ' .  -g3f~ 
0 . . . . . .  0 -g3f~ 1-gof~ 
The critical temperature T~ is then given by the highest 
temperature for which 




go +2 Ig3[ cos L@ 1+ 1) f< = 1. (17) 
At T~ the equation for/z reads 
p =~ ~ (1- tanh (~) ) .  (18) 
Thus T~ and/~ are the solutions of the coupled equations 
(17) and (18). At this point it is important o recognize 
that even a repulsive interlayer coupling g3 enhances 
T~. This is due to the fact that the Hamiltonian (see 
(2), (3), (5)) remains unchanged if we let g3 ~-g3  and 
+ 2~,~ exp(iTz/2)c~,2l,~, i.e., by reversing the sign of ga Ck, 
and adjusting the phase of the electron wave function 
on even-numbered layers. 
119 Interlayer hopping included 
To clarify the effect of single particle interlayer hopping 
we next consider the Hamiltonian 
W -= <;4~1 + <XP2, (19) 
where 
34#1= 2 [g(k) c~',l, GCk, t,~--t(Ck+l,~Clt, l+ l,~ +C'C')-- #] (20) 
k, l ,a  
describes the quasiparticle band, including the interlayer 
hopping of strength t. For this band we adopt the tight 
binding expression [13, 14] 
g(k, k~)= A [ -  2(cos k~a + cos kra ) 
+ 4B cos k~ a cos k r a -  2 C cos k~ s], (21) 
where a is the lattice constant of the square lattice within 
the layers and s the spacing between the layers9 The 
nearest-neighbor hopping matrix element within the 
layers is denoted by -2A, the next-nearest-neighbor one
within the layers by 4AB, and that for nearest-neighbor 





interaction we use the intralayer and interlayer couplings 
given in (5). To obtain the gap equation we invoke again 
the variational principle9 The trial Hamiltonian Yfo is 
now given by 
+ 
Wo = 3fl + ~, A(k, q)(Ck+,q,t C_u,q, ~ + C.C.), 
k,q 
(22) 
where electrons with the same q-value are paired because 
of the absence of translational symmetry in the z-direc- 
tion due to the free boundary conditions. In contrast 
to the model where the single particle interlayer hopping 
was not included, 2/fl has to be diagonalized by Fourier 
transformation9 The gap equation (for a detailed eriva- 
tion we refer to Appendix A) then reads 
A(q)= go+2g3 ( 2rcq 
L~+I Zf (q ' ) -  go+2g3c~ 
q' 
9 [ f (q )+f (L~ + 1 - q)] 
2 z;;T) j, (23) 
where 
1 A(q) tanh(flE~, q)) 
f (q )=~ ~ 2E(k, q) (24) 
E(k, q) =/e  2 (k, q) + A 2 (q), (25) 
e(k, q) = g(k, q)-/x. (26) 
Here we used the fact that A (k, q) - A (q). The variational 
parameter A (q) and the chemical potential/~ are the solu- 
tions of the coupled equations (23) and (12), subject o 
the condition that the free energy is minimal9 The real 
space expression A (l, l') is then obtained by inverse Four- 
ier transformation a d reads 
2 rcql' 
A( I , I ' )=Lz+I ~sin L@+/1 sin Lz~-A(q). (27) 
In contrast o the model where the single particle hop- 
ping was neglected, the variational parameter now de- 
pends on two indices9 The critical temperature T~ and 
the chemical potential # are then obtained from the solu- 





cos L@+ql) [-f~(q)+f~(L=+l--q)]/2(L,+l) 
and 





f~(q)=~2e(k,q~tanh(-~ce(-k2'q) ). (30) 
In the limit Lz = 1 the equation for T~ reduces to 
1 =go f~, (31) 
where fc is given by (14). For Lz--* o% the equation for 
T~ becomes identical to that for periodic boundary condi- 
tions along the z-direction and we recover for C = 0 the 
L= --. oo limit of (17). 
III. Numer ica l  results 
III.1. Critical temperature 
To investigate the influence of interlayer interaction g3, 
interlayer hopping C and boundary conditions on the 
critical temperature, we solve the coupled nonlinear 
equations (17) and (18), and (28) and (29) by iteration. 
Guided by earlier work E14] we chose 
A = 1, B = 0.45, C = 0.2, 
go = 1, g3 =0.225, p=0.7 (32) 
as the reference set of parameter values. To mimic super- 
lattices, consisting of a finite stack of layers, we adopt 
free boundary conditions in the z-direction. In the x y- 
plane we use L= 128, which turned out to be sufficient 
to provide nearly L-independent results. 
First we consider the size dependence of the critical 
temperature T~, namely T~(Lz), in the absence of inter- 
layer single particle hopping, and compare the results 
on the basis of the two different rial Hamiltonians (7) 
and (22). Results obtained from a numerical solution 
of the coupled Eqs. (17) and (18), and (28) and (29) are 
depicted in Fig. 1. For L= = 1, 2 both the real and the 
q-space approach yield the same results, but for L= > 2 
the latter yields slightly lower T~. The results for model 
(21) including interlayer hopping do not coincide at C = 0 
with those of (4), since we have used the trial Hamilton- 
ian (22) to calculate the properties of model (21) and 










0 2 4 6 8 10 12 14 16 18 20 
Lz  
Fig. l. Dependence of T~ on the number of layers Lz; e: T~ calculat- 
ed from (17) and (18); m: T~ calculated from (28) and (29) with 
C=0; . :  T~ calculated from (17) and (18) for g3=0 and (28) and 
(29) for C=g 3 =0 
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2 4 6 8 10 12 14 16 18 20 
Lz  
Fig. 2. Critical temperature T~ given by (28) and (29) with C=0, 
versus the number of layers for different values of g3 ; 9 : g3 = 0.225; 
e: g3 =0.45 
also included the results for g3 = 0, i.e. without interlayer 
interaction. Here, as it should be T~(Lz)= T~(1). For g3 
>0, however, T~ rises considerably as the number of 
layers increases from Lz = 1 to L~ ~ 6 where it approaches 
the value of the infinite system Lz ~ oe. As shown in 
Fig. 2, the rise of T~ is fully controlled by the magnitude 
of g3. In fact, for g3 -- 0, there is no rise in T~. This behav- 
ior can be understood in terms of the Ginzburg-Landau 
treatment of the problem. The result is [6] 
with a(0)=2123[/22 and 2,=g,N(0), where N(0) is the 
density of states at the Fermi level. From the results 
shown in Fig. 2 the ratio of the a(0) values is 2.1, which 
is close to 2, the ratio of the corresponding g3 values. 
Thus, our numerical results confirm the Ginzburg-Lan- 
dan expression for T~. Comparing Eqs. (1) and (33) it 
also becomes clear that the dependence of T~ on the 
intra-interlayer couplings differs substantially for mag- 
netic and superconducting superlattices. The actual g3 
values used in Figs. 1 and 2 have been chosen to obtain 
a rise of T~(Lz) close to that observed in YBCO/PrBCO 
superlattices [-3 5]. 







0 2 4 6 8 10 12 14 16 18 20 
Lz 
Fig. 3. Critical temperature T~ as a function of the number of layers 
L z for various values of the interlayer hopping C, as calculated 
from (28) and (29), for g3=0; i:  C=0; e: C=0.1; t :  C=0.2 
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2 4 6 8 10 12 14 16 18 20 
Lz 
Fig. 6. Effect of the boundary conditions in the z-direction on T~, 
given by (28) and (29), versus the number of layers L~; l:  free 
boundary conditions; e: periodic boundary conditions 
0.16 ~ j  








0 2 4 6 8 10 12 14 16 18 20 
Lz 
Fig. 4. Critical temperature T~ as a function of the number of layers 
Lz for various values of the interlayer hopping C, as calculated 
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0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0 
P 
Fig. 5. Critical temperature T~, obtained from (28) and (29) with C=0, versus band filling p for different values of Lz; A: Lz=l; 
i :  L~=2; e: Lz=3; t :  L==4 
To explore the effect of a non-zero interlayer hopping, 
calculations have also been performed for ga = 0 and var- 
ious C values. Typical results are depicted in Fig. 3, re- 
vealing that T~ decreases with rising C. This reduction 
mirrors the variation of the density of states with C. 
In fact, for fixed p = 0.7, the density of states at the Fermi 
level decreases with increasing C. The combined effect 
of non-zero g3 and C is shown in Fig. 4. Here we plotted 
T~(Lz) for C=0,  C=0.1 and C=0.2.  In view of the results 
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3.0 4.0 5.0 6.0 7.0 
Fig. 7. Order parameter ]A(/)] given by (8) and (12) versus layer 
index I for different values of Lz 
crease with C as the stack becomes thicker. This is clearly 
borne out by the results shown in Fig. 4. Figure 5 shows 
typical results for T~ for various band fillings p and for 
Lz ranging from i to 4 layers. The critical temperature 
Tc reaches a maximum for p~ 1/2, i.e. one quarter of 
a filled band. In going from 1 to 4 layers the relative 
enhancement of T~ is largest for p ~ 1. 
In Fig. 6 we compare the results of free and periodic 
boundary conditions for the standard set of model pa- 
rameters (32). Apparently, for a small number of layers 
periodic boundary conditions lead to a non-monotonic 
Lz dependence of Tc, while free boundaries lead to a 
monotonic rise. Clearly, describing a superlattice of finite 
thickness requires free boundary conditions. 
111.2. Gap equation at T=O 
To investigate the variation of the order parameter A (l) 
along a stack of L~ layers, we solved Eqs. (8)-(12) numeri- 
cally in the limit /3 ~ oo (T--0). Because the sign of g3 
only affects the phase of the order parameter, we depicted 
the absolute value of JA(/)I in Fig. 7. Apparently, TA(/)I 
is suppressed at the ends of the stack and reaches its 
maximum value within a few lattice constants. 
Our results for the T=0 gap at the stack boundary 
exemplify the weakening of the pair potential at a surface 
due to the short coherence length [15]. Indeed, from 
20 
Table 1. Numerical estimates for the gap A (/) and Tr for L, = 1, ..., 5 
for the set of parameters given in (33). Energies are in units of 
A (33) 
L~ A(1) A(2) a(3) kBT~ 2A(1)/ 2A (2)/ 2A(3)/ 
1 0.12 0.070 3.43 
2 0.20 0.115 3.48 
3 0.21 0.27 0.130 3.23 4.15 
4 0.21 0.28 0.140 3,00 4.00 
5 0.21 0.28 0.29 0.142 2.96 3.94 4.08 
.<1 
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k i i 
p i i 
3.0 4.0 
Fig. 8. Order parameter IA(1)[, given by (8) and (12), versus the 
layer index l for different values of g3 and L~=4; &: g3--0; I1: 
g3 =0.225; e: g3 =0.45 
Fig. 7 one learns that IA(/)] changes abruptly from its 
bulk value to its surface value over a distance of one 
lattice spacing, whereas a calculation of the pair correla- 
tion function reveals that the correlation length is much 
less than the interlayer spacing s. This reduction of the 
order parameter at surfaces affects many properties [15]. 
Estimates for the gap values, as shown in Fig. 7, are 
summarized in Table 1, together with the ratio 
2[A (1)[/k B T c. For bulk superconductors and in the weak 
coupling BCS-theory the ratio is 354, while in the pres- 
ent case the interlayer coupling g3 leads to variations 
of the gap and in turn of this ratio. Since for L~ > 2 
there is no longer only one gap, the density of states 
is a superposition of square-root singularities. This in 
turn should affect single-particle tunneling experiments 
as they probe the density of states directly. 
The effect of the strength of g3 on A (1) is illustrated 
in Fig. 8 for L~ = 4. As I g3[ increases, both the magnitude 
of the order parameter A (1) and the difference between 
the surface and bulk value are seen to increase as well. 
To explore the effect of interlayer hopping on the behav- 
ior of the order parameter we also solved Eqs. (12) and 
(23)-(26) and invoked Eq. (27) to transform the q-space 
data into real space. The results (not shown) reveal that 
there are only small differences between the real and 
q-space formulation. An exception is the increase in mag- 
nitude of the order parameters ]A(l, l')[ as a function of 
the distance to the surface, which is much smaller than 
predicted by the real-space approach. In the absence of 
single particle interlayer hopping this variation turns out 
to be more pronounced. 
IV. Discussion 
We have calculated T~ and the gap at T= 0 for finite 
stacks of superconducting layers. The experimentally ob- 
served rise of T~ with the number of layers can be ac- 
counted for by including a particular type of interlayer 
pairing interaction (g3), which may be repulsive or attrac- 
tive9 We also demonstrated that incorporating interlayer 
hopping reduces the critical temperature9 
To investigate the possibility that interactions of dif- 
ferent type can lead to effects similar to those due to 
ga, we have repeated the above analysis for the two other 
types of nearest-neighbor interlayer interactions (gl and 
gz), whose physical origin is discussed in [16, 17]. The 
influence of gl on T~ of an infinite stack has been exam- 
ined earlier [18], and was found to be of minor impor- 
tance for realistic values of ]gll (i.e. Igl/go[ ~ 1). A proper 
treatment of the boundary effects does not alter this con- 
clusion. Furthermore, a pairing interaction of the type 
y,  + + + c.c.) (glmCk, l,? Ck, m, ,L Ok, l, ,[ Ck, l,'~ 
k, l ,m 
+ + + + c.c.), (glmCk, m,t Ck, l, .[ Ck, l,,L Ck, l,T 
k, l ,m 
where gt,n=gz((~t,m-lq-t~t,m+l), leads to an increase of 
go and hence to a rise of T~, but independently of the 
number of layers. We have therefore stablished that of 
all possible nearest-neighbor pairing interactions, ga is 
the dominant mechanism determining the rise of T~ with 
the number of layers. 
The authors thank J.G. Bednorz, K.A. Mfiller, A. Baratoff and 
S. Ciraci for stimulating discussions. 
Appendix A 
We consider the Hamiltonian ~ = Jfa + ~2 where ~ 
and ~ are given by Eqs. (20) and (5), respectively9 We 
diagonalize ~ifa and ~f2 by the Fourier sine transform 
with respect o the z-direction 
~ L ~  L~ nlq (A.1) 
2 
Ck,  l ,  o" = ~__ sin ~ Ck, q,,- 
(1 ~ 1 
This results in 
~%Q1 - ~ (if(k, q)-- #) c~ q, ~ Ok, q, o- (A.2) 
k, q, o" 
and 
4 
:r + l)2 Y Z [goSq,,,Sq2,,Sq3,,Sq4,, 
l {ql} {kl} 
+ 2ga Cq~, 1 Cq3,1 S~, ~ Sq~, ~ Sq3 '~ Sq,, 
+ 2 g3 Sq,, a Sq~, 1 Cq,, l Sq2, l Cq~, l Sq~, l]
+ + (A.3) 9 Ckl+k3, ql,~ C-k2-k3 ,q3 , ,~  C-k2 ,q4 ,~ Ck l ,q2 ,~,  
where Sq, l=sin[nql/(L~+ 1)] and Cq, l=cos[nql/(L= 
+ I)]. 
To derive the gap equation we invoke the variational 
principle (6) and evaluate the right-hand side of (6) with 
respect o a trial Hamiltonian of the form (22). To calcu- 
late Fo and (~-Y fo )o ,  we first diagonalize ~o by means 
of a Bogoliubov transformation. We minimize the right- 
hand side of (6) to obtain gap equation (23). Thereby 
use is made of the identities 
" 2 r~ql nq't 
s ln  - -  s in  2 = 
z=t L~+I  L~+I  
1 -(1 +89 6q, q, +~5q+q,,L~+ 1), 
I ( L~+ 1) 
(A.4) 
L~ rcq l 1 
sin 2 - -2 (L~+ 1). 
1=1 L~+I  
(A.5) 
Linearization of gap equation (23) leads to 
A(q)= 
1 [ 27rq 
2(L~ + 1) kg~ + 2g3 cos ~ t  L~+ 1] 
9 I f (q)  A (q) +jT(L~ + 1 -- q) A (L~ + 1 -- q)] 
go+2g3 ~ f (q')A(q'), 
Lz+ 1 o' 
(A.6) 
where 
f (q)= ~ ~ 2e(lk, q) tanh (~)"  (A.7) 
Equation (A.6) leads to a linear set of two equations 
for A (q) and A (L~ + 1 -  q). Solving this set of equations 
we get 
A(q)[1 2 (Lz l (g~176 1) 
1 
+ 1 - q)l 
_go+293 
Lz+l ~f(q')Z(q') (A.8) 
q' 
21 
As the right-hand side of (A.8) does not depend on q, 
(A.8) can be solved by making the ansatz 
A(q)= 
A 
1 -(go + 293 
2rcq 
cos Lz + 1] [37(q) +)7(L~ + 1 - q)]/2(L~ + 1) 
(A.9) 
Substitution of this expression for A(q) in (A.8) leads 
to (28) for T~. 
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